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We discuss a class of uniform and isotropic, spatially flat, decaying Λ cosmologies, in the realm
of a model where the gravitation “constant” G is a function of the cosmological time. Besides the
usual de Sitter solution, the models at late times are characterized by a constant ratio between the
matter and total energy densities. One of them presents a coasting expansion where the matter
density parameter is Ωm = 1/3, and the age of the universe satisfies Ht = 1. From considerations
in line with the holographic conjecture, it is argued that, among the non-decelerating solutions,
the coasting expansion is the only acceptable from a thermodynamic viewpoint, and that the time
varying cosmological term must be proportional to H2, a result earlier obtained using different
arguments.
I. INTRODUCTION
One of the most intriguing problems in modern cos-
mology is the present observed value of the cosmological
constant, which amounts to nearly 120 orders of magni-
tude smaller than the value predicted by quantum field
theories [1]. A possible explanation for this huge discrep-
ancy is based on the idea that the vacuum energy density
is not constant, but decays as the universe expands [2]-
[14].
When the vacuum energy density is computed with the
help of quantum field theories in flat spacetime, one ob-
tains a divergent result, which can be regulated by means
of an ultraviolet cutoff of the order of the Planck mass. In
the standard recipe, such a contribution to the vacuum
energy must be exactly canceled by a bare cosmological
constant in the Einstein equations, because, in the flat
spacetime, the right-hand side of those equations is iden-
tically zero [13]. Therefore, in a curved background, a
renormalized value for Λ should be obtained by calculat-
ing the vacuum energy density and then subtracting the
Minkowskian result. Since spacetime was strongly curved
at Planck times, one may expect an initial huge value of
the order of l−2p , where lp =
√
G is the Planck length.
But, as the universe expands, the observed cosmologi-
cal constant should decay, thereby leading to the small
value observed nowadays. In other words, the present
value of Λ (the vacuum energy density) is small because
the Universe is too old [4].
This line of reasoning leads one to infer that other
physical “constants” should also vary at a cosmological
scale. Indeed, the quantum vacuum fluctuations behind
the net vacuum energy density contribute also to the ob-
served, renormalized, values of couplings and masses of
elementary particles. Therefore, if the vacuum density
decays with the universe expansion, one should expect
cosmological time variations of charges and masses. The
first would lead to the variation of the fine structure con-
stant [15], an effect that have possibly been observed [16].
As to the variation of masses, it is equivalent to a vari-
ation of the gravitational constant G, at least in what
concerns gravitational effects. The variation of G should
also be expected by considering it a renormalized cou-
pling constant of a (still unknown) quantum theory of
gravity.
Since the seminal papers by Dirac [17], a possible varia-
tion of G has been investigated with no success by several
teams, through geophysical and astronomical observa-
tions, at the scale of solar system and with binary systems
[18]. However, it should be stressed that we are talking
here about time variations at a cosmological scale, and
cosmological observations still cannot put strong limits
on such a variation, specially at the late times of the
evolution. Naturally, if the G variation originates from
the decaying of vacuum density at a cosmological scale,
one would expect a constant value of G at the scales of
solar system and galaxies, since at these scales the matter
density and the curvature (and presumably the vacuum
density) are nearly constant.
In this paper we discuss a new decaying vacuum sce-
nario which is supposed to induce a time varying gravita-
tional constant. As we shall see, the Friedmann equations
for the flat case plus the Eddington-Weinberg relation
[19] imply that beyond the usual de Sitter solution there
are other solutions characterized by a constant ratio be-
tween the matter density and the total energy density.
One of them presents a coasting expansion where the
universe age is fixed by Ht = 1, and the matter density
parameter is Ωm = 1/3.
The work is structured as follows. Next section we
review an earlier approach to decaying vacuum energy
models with varying G [7, 10]. In the subsequent sec-
tions we make some considerations in line with the so
called holographic principle [11, 19, 20] to justify the
Eddington-Weinberg relation, and to argue that, among
all the possible non-decelerating solutions, that with
coasting expansion is the only plausible from a thermo-
dynamic viewpoint.
It should be noticed that models with variation of both
Λ and G have already been considered in the literature.
For instance, Bertolami [3] gave a detailed analysis of
varying Λ cosmological solutions in the realm of a Brans-
Dicke theory. However, the variation of G we are inter-
2ested here has its origin in the variation of the vacuum
energy density. Therefore, although considering that a
Brans-Dicke scalar field might be used as an effective de-
scription of that variation, in what follows we shall make
no use of such a field.
II. DECAYING Λ SOLUTIONS
In the flat case, the Friedman equations with a time
dependent G can be written as
ρ =
3H2
8piG
, (1)
ρ˙+ 3H(ρ+ p) = 0, (2)
whereH = a˙/a is the Hubble parameter, and a dot means
derivation respect to the cosmological time t. The sec-
ond equation does not depend on the varying or constant
character of G, being just an expression of energy con-
servation and the equivalence principle [7, 12]. As far as
relation (1) is concerned, it is valid today, and we will
assume that it is also valid for any time in course of the
evolution.
The variation law for G follows from the Eddington-
Weinberg empirical relation [19]
G =
H
8piλ
≈ H
m3
, (3)
where m has the order of the pion mass, and the con-
stant λ was introduced for convenience. Once again, this
relation is valid today, and we will assume that it is valid
since early times. Substituting (3) into (1), we have
ρ = 3λH. (4)
Let us now consider a twofold energy content, formed
by dust matter with energy density ρm plus a vacuum
term with equation of state pΛ = −ρΛ. The total energy
density and pressure read
ρ = ρm + ρΛ, (5)
p = −ρΛ. (6)
Inserting (4)-(6) into the conservation equation (2), we
obtain
λH˙ + ρmH = 0. (7)
To proceed further, let us now assume that the quanti-
ties H and ρm, at late times, fall monotonically as power
laws of the scale factor a:
H = β/ak, (8)
ρm = γ/a
n, (9)
where n and k are two positive parameters. Replacing
the above expressions into (7) leads to
γa−n − λβka−k = 0. (10)
The above equation is valid for any (large) value of a only
if
k = n, (11)
γ = λβn. (12)
With these results, and by using (4), (8) and (9), it is
easy to show that
Ωm ≡ ρm/ρ = n/3. (13)
Since 0 ≤ Ωm ≤ 1, it follows that 0 ≤ n ≤ 3. In the case
n = 0, we have
H = β, (14)
ρm = 0, (15)
G =
β
8piλ
. (16)
This solution corresponds to a de Sitter universe, with Λ
and G constant.
For the other values of n, we obtain from (8) the solu-
tion [21]
a = (nβt)1/n, (17)
Ht = 1/n, (18)
q = n− 1, (19)
where q = −aa¨/a˙2 is the deceleration parameter. In the
case n = 1 we see that q = 0 and
a = βt, (20)
Ht = 1, (21)
Ωm = 1/3. (22)
As discussed in [22], among the solutions of the form
a ∝ tn, the best fitting of supernova and radio sources
observations is obtained in the coasting case, a ∝ t. On
the other hand, the relation Ht = 1 gives the best esti-
mation for the universe age [23], and the relative matter
density given by (22) matches surprisingly well the ob-
served value [24].
It is worth notice that in a context with varying Λ
but constant G the coasting solution with Ht = 1
corresponds to a relative matter density equals to 2/3
[10], in clear disagreement with observation. To obtain
Ωm = 1/3, we would have to have Ht = 2, completely
outside the observed limits.
Let us determine the variation rate of G, as well as the
rate of matter production in this model. The evolution
law (3) leads to the relative variation rate
G˙/G = −(1 + q)H. (23)
For n = 1, we have q = 0, and so
G˙/G = −H. (24)
3The rate of matter production (coming from the de-
caying vacuum energy) reads
1
ρma3
d
dt
(ρma
3) = (3− n)H. (25)
Let us now discuss the variation of the vacuum energy
density in the present context. By using (3)-(5) and (13),
one may check that the vacuum energy density and the
corresponding cosmological constant are given by
ρΛ = (3− n)λH ≈
(3 − n)
8pi
m3H, (26)
Λ = 8piGρΛ = (3 − n)H2, (27)
leading to present values in agreement with observation.
The first above equation is in accordance with a re-
cent derivation by Schu¨tzhold [13], based on quantum
field estimations in an expanding background. The sec-
ond equation agrees with an ansatz proposed by Chen
and Wu on the basis of dimensional arguments [5], and
further modified by Carvalho et al. [6] in order to obtain
the H2 dependence. It also matches a result based on a
renormalization approach [14], in the spirit discussed in
the Introduction. Note that, in the realm of a constant
G cosmology, those two equations would be incompatible
to each other [25].
III. HOLOGRAPHY AND G VARIATION
Since the initial proposals on the existence of entropy
bounds in self-gravitating systems, rigorous verifications
of this idea have been obtained in some cases, leading
to the general belief that there is an entropy bound as-
sociated to any horizon, of the order of the horizon area
(in Planck units) [20]. For our purposes, this holographic
conjecture could be understood as follows.
Consider a set of degrees of freedom inside a horizon
of characteristic radius R. The limitation of its config-
uration space leads to the quantization of its energy-
momentum space, with a quantum of energy given by
m0 ≈ 1/R [26]. Then, the maximum number of degrees
of freedom inside the horizon is given by N ≈ M/m0 ≈
MR, where M is the mass inside the horizon. So, for
any system obeying the relation M ≈ R/G, we have
N ≈ R2/G, as just established by the holographic con-
jecture.
The reader knows two important examples of systems
satisfying the above conditions. The first is a black-
hole, for which we have (in the non-rotating case) M =
R/(2G), where R is the gravitational radius. The second
is the spatially flat Friedmann universe. Indeed, in this
case the total energy density is given by ρ = 3/(8piGR2),
where R is the Hubble radius. On the other hand, the
volume inside the Hubble horizon is 4piR3/3, which leads
to a total mass inside the Hubble sphere given, again,
by M = R/(2G). Therefore, the holographic conjecture
applies as well to our universe: the number of observable
degrees of freedom is bounded by the area of the Hubble
horizon.
But how many degrees of freedom we have in the ob-
servable universe? We know that the number of barions
is of the order of 1080, and that the Universe contains
about 108 photons per barion. It is also reasonable to
believe that the contribution of the non-barionic dark
matter may be of the same order of magnitude. But
the major contribution to the entropy of matter seems to
come from massive black-holes present in galactic nuclei,
which represents an entropy of the order of 10101 [27].
As far as the vacuum entropy is concerned, it is not
trivial to define the number of virtual particles in curved
backgrounds. Let us remind, however, that our universe
has a quasi-flat spacetime. Therefore, the following es-
timation can be considered a good approximation [11].
It is clear that vacuum configurations of classical fields
(as the vacuum expectation value of the Higgs field or
the QCD condensates) do not contribute to the vacuum
entropy. In what concerns the zero-point fluctuations,
they have, properly speaking, an infinite entropy density,
because (if we do not impose any energy cutoff) the num-
ber of modes is infinite. But if we regulate their energy,
by introducing an ultraviolet cutoff m, we also regulate
their entropy. A simple estimation of the resulting en-
tropy bound can be derived as follows.
Limiting the energy-momentum space associated to
the zero-point fluctuations leads to the quantization of
their configuration space, with a minimum size given by
l ≈ m−1. This results in a superior bound to the number
of available degrees of freedom in a given volume, say,
the volume inside the Hubble horizon. The maximum
number Nmax of observable degrees of freedom will be of
the order of V/l3, where V is the Hubble volume. That
is,
Nmax ≈
(
R
l
)3
≈
(m
H
)3
. (28)
Note that this superior bound dominates over the
matter entropy. Indeed, taking for H the value ob-
served nowadays, H ≈ 70 km.s−1.Mpc−1, we obtain
from (28) (with m equals to the pion mass, see below)
Nmax ≈ 10122, a value that predominates over the mat-
ter entropy referred above, of order 10101. Since Nmax
increases with R3, this dominance will remain valid in
the future, and we can consider the entropy bound of the
observable universe as given by (28).
On the other hand, we have seen that this bound
should be equal to
N ≈
(
R
lp
)2
= (Hlp)
−2. (29)
Therefore, we can identify (29) with (28), which leads to
equation (3), that is, to the Eddington-Weinberg relation.
But why has m the order of the pion mass? The com-
mon belief is that a natural cutoff for the vacuum fluc-
tuations should be given by the Planck mass mp = l
−1
p ,
4because at the Planck scale the classical picture of space-
time breaks down. However, it is not difficult to see that,
equating (29) to (28) with m = mp, one obtains a Hubble
radius of the order of lp, which is not consistent with our
universe.
One can also argue that the fluctuations of other fields
than quarks and gluons contribute to the vacuum en-
tropy as well. It is then intriguing that just the pion
mass enters in the Eddington-Weinberg relation. Nev-
ertheless, let us remark that in a curved spacetime the
different sectors of the Standard Model of particles in-
teractions are coupled by gravity. Then one may expect
that (at late times) all the interacting vacuum fields tend
to a state of thermodynamic equilibrium, at a tempera-
ture equal or below the temperature of the last vacuum
phase transition. But the last of such transitions was the
chiral transition of QCD [28], at a temperature given by
ΛQCD ≈ 150 MeV, of the order of the pion mass.
IV. HOLOGRAPHY AND DECAYING Λ
SOLUTIONS
As we have seen, the energy inside the Hubble horizon
of the spatially flat Friedmann universe is given by
E =
R
2G
= 4piλR2 (30)
(where we have used (3)). Therefore, when the Hubble
radius has an increment dR the energy content increases
by
dE = 8piλR dR = dR/G. (31)
On the other hand, in the case of a universe composed
by dust and a vacuum term with pressure p = −Λ/(8piG),
as in (5)-(6), the general thermodynamic expression for
the energy variation is given by
dE = TdS − p dV = Td
(
A
αG
)
+
Λ
8piG
dV, (32)
where the holographic prescription S = A/(αG) has been
used (the positive dimensionless constant α is equal to 4
in the black-hole case). Equating (32) to (31), and using
(3), A = 4piR2, and V = 4piR3/3, we obtain
T =
αH
12pi
(
1− Λ
2H2
)
. (33)
This last result has important implications in relation
to the cosmological solutions we have found in section
II. First of all, we see that (in the case of a non-negative
cosmological constant) T ≤ αH/(12pi). As far as the uni-
verse expands, the temperature decreases, and we have
two different possibilities. The first one is that the uni-
verse tends asymptotically to a de Sitter universe, with
constant Hubble radius and constant temperature (this
corresponds to the late time solution with n = 0 of sec-
tion II). But in a de Sitter universe the Hubble constant
is given by H =
√
Λ/3. Therefore, from (33) we have
T = −αH/(24pi). Since α is a positive constant, its clear
that such a solution is not acceptable from a thermody-
namic point of view.
The second possibility is that the Hubble sphere ex-
pands forever, with R→∞ (our late time solutions with
positive n). Leading (27) into (33), we obtain
T = (n− 1)αH
24pi
. (34)
In this case, the temperature tends asymptotically to zero
as far as the universe tends to a flat spacetime. But the
condition T ≥ 0 imposes n ≥ 1. That is, the accelerating
solutions (including the case n = 0, already discussed)
are forbidden from this thermodynamic viewpoint. On
the other hand, the late time coasting solution (n = 1)
corresponds to T/H = 0. In other words, in the coasting
expansion the temperature tends to zero faster than in
the decelerating cases.
If the above analysis is repeated in the context of a
model with varying Λ but constant G, the same conclu-
sion is obtained: among the non-decelerating solutions,
the coasting expansion is the only acceptable from a holo-
graphic perspective. However, in this case we would not
be in accordance with the observed relative matter den-
sity, as already discussed. Note also that the holographic
expression (33) suggests naturally the H2 dependence
for Λ discussed by several authors in different contexts
[6, 14].
V. CONCLUSIONS
The asymptotic scenario proposed here has several in-
teresting features, from both theoretical and observa-
tional viewpoints. A coasting expansion seems to provide
the best fit of the recent observations of supernovas and
radio sources [22]. Furthermore, it leads to a universe age
given by Ht = 1, once again in good accordance with the
observational limits [23]. Finally, a relative matter den-
sity equals to 1/3 is in remarkable agreement with obser-
vations [24], specially if we remember that it is an exact
result in our context, and, perhaps more important, it
does not depend on any fine tuning of model parameters
or initial conditions.
From a theoretical perspective, the variation of the vac-
uum energy density with the cosmic expansion is natu-
rally expected on the basis of quantum field theories in
curved backgrounds [13, 14], as well as the association of
a temperature to the vacuum of a curved spacetime. As
discussed in the Introduction, the same can be said about
the variation of the gravitational constant (and of the fine
structure constant). The empirical law initially used for
the variation of G (the Eddington-Weinberg relation, ex-
pression of Dirac’s large numbers coincidence [7, 19]) can
be justified on the basis of the holographic principle (see
5also [11, 19]). Moreover, the late time coasting expan-
sion is, among the non-decelerating solutions, the only
compatible with a holographic, thermodynamic analysis.
Probably, it is not necessary to say that our analysis
cannot be considered complete. First of all, the holo-
graphic idea we have adopted to justify the Eddington-
Weinberg relation is still just a conjecture, despite the
several theoretical developments this subject has received
in the last years [20]. On the other hand, the Fried-
mann equation (1) applied to this varying G context is
something to be theoretically validated, for example in
the realm of scalar-tensor theories [3, 29]. It is possible
to verify that our solutions, together with equation (1),
are solutions of Brans-Dicke theories, and an exhaustive
study about this will be shown elsewhere.
Finally, let us remind that our discussion is restricted
to the late eras of the expanding Universe. The study
of a complete scenario, including the hot phase at early
times, depends on the establishment of exact variation
laws for Λ and G, which will depend on the development
of a field theoretical treatment of the problem in a curved,
expanding background. Such a study should also explain
why the space is nearly flat, perhaps by means of a fun-
damental justification of inflation which may ultimately
be related to a definite decaying law for Λ at very short
times.
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